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Differential games of pursuit and evasion are considered in a system described by a partial differential equation containing an
elliptic operator and additively occurring control parameters. Spaces are introduced using generalized eigenvalues and generalized
eigenfunctions of this operator which depend on a non-negative parameter. Four versions of the formulation of the game problems
are studied which differ in the constraints imposed on the control of the players. In the case of two of the versions, sufficient
conditions are presented such that, when these are satisfied, evasion is possible from all initial states (the pursuit problem for
these games has been studied earlier). In the case of the third version, two infinite non-intersecting sets are distinguished such
that the completion of a pursuit is possible from the points of one of them and evasion is possible from the points of the second
set. In the case of the fourth version, the possibility of completing a pursuit from any initial position in an arbitrary small
neighbourhood of zero is demonstrated. © 2006 Elsevier Ltd. All rights reserved.

Some of the results described below were presented in [1]. Arguments which were employed in the
finite-dimensional case in [2] are used to solve the invasion problem.

1. INTRODUCTION
A differential operator A of the form [3]

n a _
Az = - 2 %(aij(x)é—;z-), xe Q, a;(x) =a;x)e c'(@) (1.1)
ij=1 1 J
is considered in the space L(Q2), where Q is a domain in R"” bounded by a piecewise-smooth boundary,
n>1and Q is its closure. CA(Q) (the space of doubly continuous differentiable finite functions) is the

domain of definition D(A) of the operator A. The coefficients a;(x) satisfy the following conditions:
a constant y > 0 exists such that, for allx € Q and (§, &y, ..., &,) € R”,

n

Y a;(0EE 2y Y & (1.2)

ij=1 i=1

It can be shown that the operation

(Z’ y)A = (AZ, }’)» Z,)’E COZ(Q)
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satisfies all of the conditions of a scalar product [4], Hence, C}(Q) turns into a partial Hilbert space.
On completing the space using the norm

ld, = (Az, )", ze CAQ)

we obtain the complete Hilbert space, which is called the energy space of the operator 4: we will denote
this space by H,.

It is well known that the operator 4 (1.1) has a discrete spectrum or, more accurately, it has an infinite
sequence 0 < Ay <X, £ ... of generalized eigenvalues with the limit at infinity and a sequence
of generalized eigenfunctions 1, ¢, ... which is complete in L,(Q) and H,. We shall assume that
(9, ¢;) = 9, where §;; is the Kronecker delta.

Suppose r is an arbltrary non-negative number. We introduce the following spaces (henceforth
summation is carried out fromi = 1toi = o)

L={o=(a,0,..): 27‘-:0‘:'2<°°}, H(Q)={fe L, (Q): f= Zaiq’i’ ael} (1.3)

with the scalar products and norms

1/2

(0, B), = YMaB, aBel, lof =Ifl = (o),
(f’ g)r = (a’ B)r’ 8 = ZBi‘pi
Note that Hy(Q2) = L,(Q2) and H,(Q) C Hy(Q) for arbitrary s,r,0<s<r.

We denote by (0, T; H,(2)) (L(0, T; H,(£2))) the space of continuous (square integrable, measurable)
functions defined in the interval [0, T'] with values in H,(2), where T is a certain positive constant.

(1.4)

2. DETERMINATION OF THE POSSIBILITY OF EVASION AND THE
POSSIBILITY OF COMPLETING A PURSUIT

We will consider the following conflict controlled distributed system (distributed differential game)

LD 4 az(r) = -uny+v(), 0<1<T
@1)

u(-), v(-)e L0, T; H(Q), z2(0) =29, Ve H,, (@)
The controls u(-) and v(-) of the first (pursuing) and the second (pursued) players are respectively
assumed to satisfy one of the following systems of inequalities
D lu@lsp, lunlso, 0se<T
2) fuGl<p, Iv(liso
3) luCGl<p, Jul<oe, 05e<T
4) luml<p, 0<:<T, [v()l<o

2.2)

where p and ¢ are non-negative constants.

We shall subsequently call system (2.1), where the functions u(-) and v(-) satisfy one of the systems
of inequalities 7, 2, 3 or 4, Game 1, 2, 3 or 4 respectively. We shall call the point z() the initial position
of the point z (or of the games).

We now formulate the determlnatlon of the p0581b111ty of evasion and the possibility of completing
a pursuit from an initial position z® (henceforth z© = 0).

Definition 1. In Game 1 (Game 2 and 3) evasion is possible from the initial position z(©, if, using
any number 7 > 0 and an arbitrary control u(¢), 0 <7 < T which satisfies the condition ||u(?)|| <
p(Jlu()|| < p), it is possible to construct a control v(¢), 0 < ¢ < T, such that the solution 2(¢), 0 <t < T
of problem 2. 1) does not vanish. In addition: 1) to find the vector of (), 1t is permitted to use

9 2@ and 29, u(s), t - © <s < 1, where 6 > 0 is an arbitrary constant and z®, u(s), 0 <s < ¢, if
0 <t<6;2) the function v(¢), 0 < t < T satisfied the inequality ||v(#)]| < o(]jv(: )|| <o v £ o).
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Definition 2. In Game 3 (Game 4) completion of a pursuit from an initial position z% is possible if a
number T = T(z?) and a function u(v, ), v € R, 0 <t < T exist such that, for an arbitrary control
(), 0 < ¢ < T which satisfies the inequality ||v(?)]| < o(]|v(")|| < o), the solution z(¢f), 0 <¢ < T of
problem (2.1) vanishes for a certain t = #' € [0, T] (finds itself in an arbitrary e-neighbourhood of zero,
that is, |}z(¢)|| < e for a certain ¢ = ¢' € [0, T]). In addition, the function u(f) = u(v(?), t) satisfies the
inequality [[u()|| < p(Jlu()l| < p).

The pursuit problem has been studied earlier in [5, 6] and, in particularb
of completing a pursuit in Game 2 from an arbitrary initial position £
Interesting classes of control problems are considered in [3, 7-10].

when p > o, the possibility
) has been established [5].

3. MAIN RESULTS

Theorem 1. If ¢ > p, then evasion is possible from an arbitrary initial position z20(= 0) in Game 1
and 2.

Theorem 2. 1. In the case of Game 3, two infinite non-intersecting sets of initial positions exist for
arbitrary p > 0 and ¢ 2 0 such that completion of a pursuit is possible from the points of the first of
them and evasion is possible from the points of the second of them.

2. In Game 4, completion of a pursuit is possible from an arbitrary initial position 2% for arbitrary
p>0andc>0.

Proof of Theorem 1. Suppose 29 is an arbitrary initial position, T is an arbitrary positive number,
and u() and v(*) are controls which satisfy condition I (condition 2). We substitute these controls into

the right-hand side of Eq. (2.1) and, in order to find an explicit form of the solution of the resulting
problem z(¢), 0 < ¢t < T, we substitute the Fourier series

(), 0(0), 2(1),2°) = T (D), Vi), 2.0, 2P w(-), V), 2() € Ly[0, T

into system (2.1), where
T
IFOI* = SAF 0 [IIF(~)||2 = ||F<t>||2dz], F=uv
0

and equate the corresponding Fourier coefficients. As a result, we obtain the infinite system of differential
equations and initial conditions

GOy zy-wi, 0<tST, 7(0) =20 i=1,2, ..
o 3.1)

wi(t) = u(1) - v(?)

It is obvious that the functions

t
Z(t) = e_k't|:zf0)— J.wl‘swi(s)ds}, 0<t<T, i=1,2 .. (3.2)
0

are a solution of system (3.1). It can be shown by direct calculations that the function
2(1) = Y z(t)g;, 0<tsT

belongs to the space C(0, T; H, . 1(€)) and is a solution of problem (2.1) in the sense of the theory of
generalized functions [4].

Next, since z? # 0 according to the condition, then z,(0) # 0 for any i = k. Suppose, to be specific,
that z,(co) > 0 (the case when z,(co) < 0is treated in a similar way). Moreover, we assume that the inequalities
1 are satisfied (Game 2 is considered next).
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For all € [0, T, we put v(f) = 0, # k and v(f) = oA} (it is clear that ||v(f)|| < ¢ in [0, T]). Since
lu@)]|? < p% then, obviously, |u(t)] < pA;"2. Hence,

ri2 —r/2

V() —u (1) 2ok, T —pA, 20
(We recall that ¢ > p.)
Consequently (see expression (3.2)), for allt € [0, T']
(2 e WO (3.3)

whence it follows that z;(r) # 0 in [0, T'] or z,(co) > 0. This means that z(¢) # 0 in [0, T] since, otherwise,
at' e [0, T] exists for which z(¢") = 0, z,(¢") = 0.

Hence, evasion is possible in Game I from any initial position 20,

Now, suppose the inequalities 2 are satisfied. As above, we choose a non-zero Fourier coefficient z,(co)
in the expression 2 and assume that z{” > 0.

It is clear that a number 6 € (0, T] exists such that, if, in expression (3.2), vi(f) = 0in [0, 8] and u.(?),
0 <t < Tis a square integrable function which satisfies the inequality

T 2
| up(ndr<&
0 7‘k

then z,(z) # 0 in [0, 8]. Moreover, satisfaction of the inequality z(f) > z{”/2 in [0, 8] can also be achieved.
We put vi(f) = Oforalli# k and ¢ € (0, 7], and v, (f) = u,(t — 8) forallt € [§, T].
On taking account of these facts and decreasing &, if it is necessary, it is possible also to achieve
satisfaction of the inequality z,(¢) > z,§°>/2 in the interval [, T].
This means that, in the method proposed above, the inequality

w2200, o0<i<T (3.4)

h((g)lds for all¢ € [0, T'] from which it follows that, in Game 2, evasion is possible from any initial position
z

Proof of Theorem 2. 1. Suppose T is an arbitrary positive number and & is an arbitrary nature number.
We will denote by X,(T) the set of initial positions of the form z© = z,(co) @k, wWhere the coefficient
z,(co) and the number T satisfy the conditions

2 AT, L2
(P-0.JT) ("= 1)
ToA ">

2
0<z) < , 0<To<T, p-06./Ty>0 (3.5)

We will now that, in Game 3, a pursuit can be completed from an arbitrary initial position which
satisfies the condition

% X = WU X(Ty) (3.6)
TO k=1

Indeed, suppose v(t), 0 < ¢ < T is an arbitrary control of the second player, [|v(¢)|| < o. It is clear
that
To
IOz, = [loeidr < 6*T
0

Therefore, if we put v(¢) = u(f) + w(t) in [0, T] and assume that ||w(-)|| < p — 6 VT, then it is clear
that ||u()l|z, < p. , o )

Taking account of this remark, we now consider system (3.1). Since 79 e X, then zS ) = 0 for all
i#k,and z,(co) satisfies conditions (3.5).
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We put

0)
kLK

wi()=0 forall ik, wy(t)= 57—,
e -1

0<:<T, 3.7

Since wi(f) = z,(O) = ( for all i # k, then, according to system (3.1), z,(t) = 0 in [0, T,] for each i # k.
Wheni = k, from equality (3.2) we obtain: z,(T;) = 0. This means that, with the above-mentioned method
of choosing the functions u(-) and w(-), Game 3 is completed from an arbitrary initial position, which
satisfies condition (3.6), after a time T'(z®) < T. Tt can be shown that ||w(-)|| < p - 6 VT,

We will now show that, in Game 3, evasion is possible from any initial position which satisfies the
condition

0 "" 0y’ 2e2}""T 1
Per=uyuy, 1, ={2:">p — (3.8)
k=1 zlk

In fact, it follows from condition (3.8) that z® ¢ ¥, for any i = k. Next, suppose u(t), 0 < ¢t < Tis an
arbitrary control and ||u(")|| < p. We select the function v(f), 0 < ¢ < T, which guarantees the possibility
of evasion from a position z@ in the following manner

v,(1)=0, izk; v(r)=0/A)’

When i = k, the solution of problem (3.1) then has the form

Ayt

t
2l1) = e“'[zﬁ‘%gk(n- je“"uk(s)ds}. 0St<T, §(1) = gg;—,%zl) (3.9)
0 k

To be specific, suppose z,(co) > (. Then, by virtue of the Cauchy—Bunyakovskii inequality

t 20, T
s -1
A7+ 50 - [ oids 20 + £y - p [
k
0

From this and from relations (3.8) and (4.9) for all ¢ € [0, T'], we obtain the inequality

~At
loe ™
(0> 2 (3.10)

k

which means that, in Game 3, evasion is possible from an arbitrary initial position which satisfies condition
(3.8). It is clear that ||v(?)]] < ©.

It is obvious that X and Y are infinite sets. Moreover, they do not intersect. Otherwise, it would be
simultaneously possible to complete a pursuit and to evade an encounter from a certain initial position
2% € X N Y which leads to a contradiction. The first part of the theorem is proved.

2. Suppose € is an arbitrary positive number, 2@ is an arbitrary initial position, ||z?|| > €, v(r) is
an arbitrary control of the second player and ||v(*}|| £ o.

We select the function u(t) as follows (compare with expressions (3.7)):

210 ©
ury = Z‘“f’ L 0sisT, i=12.. T, =1 =
e -1 P

Then, for arbitrary i, the solution of problem (3.1) has the form

40 = 10 I+ 1o 0, I(Fs1) = [e"*Fi(s)ds (3.11)
0
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By v1rtue of the choice of the function u,(¢), 0 < ¢ < Ty, we obtain thatz )1 (u;; T1) = 0. Consequently,
#(Ty) = e I(v; Ty).
Two cases are possible:
M) 2Tl <& @) (T || > e.
In case I, Game 4 completed from an initial position 2 at the instant of time T}.
In case 2 putting 2° = z(T}), we repeat the preceding arguments and obtain
T2
-\, T A;s
2T +Ty) = ¢ [ (T, +5)ds, T, = T((T)) =
0

IIZ(T )l

Here, two sub-cases are possible:
(2a) |2(T; + Ty)|| <€ (2b) ||2(T1 + T22|| > €. In sub-case 2a, Game 4 is completed at the instant
of time T; + T». In sub-case 2b, putting 2O = z(T; + T), we use the earlier arguments, and so forth.
By arguing against this, it can be show that, up to the (k + 1)th step, where

= [6%/(2e)] + 1

Game 4 will be completed from an initial position z® which guarantees a time of completion of the
pursuit equal to p7(||z?]| + 6%(2¢)).

Note that, considerable use is made of the boundedness of the energy of the evader when proving
the theorem (see formula (2.2)).
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